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THE HEINTZE-KARCHER INEQUALITY FOR METRIC MEASURE SPACES
CHRISTIAN KETTERER
Abstract. In this note we prove the Heintze-Karcher inequality for essentially non-branching
metric measure spaces satisfying a lower Ricci curvature bound in the sense of Lott-Sturm-
Villani. The proof is based on the needle decomposition technique for metric measure spaces
introduced by Cavalletti-Mondino. Moreover, in the class of RCD spaces with positive curvature
the equality case is characterized.
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1. Introduction
The Heintze-Karcher theorem is a classical volume comparison result in Riemannian geometry
[HK78] (see also [Mae78]). It states that the one sided tubular neighborhood of an oriented C2
hypersurface S in an n-dimensional Riemannian manifold M is bounded by a surface integral over
S involving the mean curvature, a lower bound for the Ricci curvature and an upper bound of the
dimension n. The original proof is based on Jacobi field compuations and similar estimates were
obtained in [Per16] applying refined Laplace comparison estimates for manifolds with boundary.
When M is equipped with a smooth measure Φm, Φ ∈ C∞(M), a generalisation was proven by
Bayle in [Bay04] (see also [Mor05]) where Ricci curvature is replaced by the Bakry-Emery N -
Ricci curvature, the mean curvature with generalized mean curvature and the volume of S with
the weighted volume. The Heintze-Karcher estimate found numerous applications in Riemannian
geometry (e.g. [Mil15, Per16, MN14]).
In this note we prove Heintze and Karcher’s theorem in the context of essentially non-branching
metric measure spaces with finite measure satisfying a lower Ricci curvature bound in the sense of
Lott-Sturm-Villani [Stu06a, Stu06b, LV09]. More precisely, we consider an essentially nonbranching
CD(K,N) space (X, d,m) for K ∈ R and N ∈ [1,∞) with finite measure m and a generalized
hypersurface S that arises as the boundary of a Borel subset Ω ⊂ X such that m(S) = 0. For this
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setup one can introduce a notion of mean curvature for S using the 1D-localisation technique for
1-Lipschitz functions established by Cavalletti-Mondino [CM17, CM18] (see also previous work by
Klartag, Cafarelli, Feldman and McCann [Kla17, CFM02]).
Let us describe our approach more precisely. Associated to S = ∂Ω we consider the signed
distance function dS that is 1-Lipschitz for CD(K,N) spaces. Then, the localisation technique
provides a measurable decomposition of the space into geodesic segments γα : [aα, bα]→ X , α ∈ Q,
and a disintegration of the measure m into measures mα = hαH1|Imγα supported on γα and with
semiconcave density hα. Assuming S does not intersect with any γα at its initial point (we say
the mean curvature is < ∞) one can define the outer mean curvature in a point p ∈ S satisfying
γα(r) = p for r ∈ (aα, bα) via
d+
dr
log hα(r) = lim
h↓0
h−1 (log hα(r + h)− log hα(r)) =: H+(p).
If r = bα we set H
+(p) = −∞. Note that the mean curvature is only defined on points p ∈ S
that intersect with some γα. Similar one defines the inner mean curvature in such a point as
− d−dr log hα(r) = H−(p) (again provided S has mean curvature > −∞). Then, the mean curvature
in such a point p ∈ S is
H(p) = max
{
H+(p),−H−(p)}
(Definition 5.10). This notion of generalized mean curvature will be sufficient to prove the Heintze-
Karcher estimate. In smooth context, H+ = −H− and H will coincide with (minus) the classical
mean curvature (Remark 5.11, our sign convention will be that the mean curvature of the boundary
of a convex body is nonpositiv). The decomposition also allows to define a surface measure mS
that is supported on points p ∈ S such that γα(r) = p for some γα (Definition 5.3). Again in
smooth context this will coincide with the classical notion (Remark 5.5).
The main theorem of this note is the following.
Theorem 1.1. Let (X, d,m) be an essentially non-branching metric measure space with m(X) <∞
satisfying the condition CD(K,N) for K ∈ R and N ≥ 1. Let Ω ⊂ X be a Borel subset such that
m(∂Ω) = 0 and ∂Ω =: S has outer mean curvature H+ <∞.
Then
m(S+t ) = m(Bt(Ω)\Ω) ≤
∫
S
∫ t
0
JH+(p),K,N (r)drdmS(p) ∀t ∈ (0 diamX ].(1)
where Bt(Ω) = {x ∈ X : ∃p ∈ Ω : d(x, p) < t}.
If the mean curvature H of S additionally satisfies H > −∞, then
m(X) ≤
∫
S
∫
R
JH(p),K,N (r)drdmS(p)(2)
where JH,K,N is the Jacobian function (Definition 4.3).
Remark 1.2. The regularity assumptionH ∈ (−∞,∞) (by that we mean that no transport geodesic
intersects S with its initial or final point) is necessary even in smooth context for the validitiy of
the statement above as surfaces with corners show.
Theorem 1.1 is a generalisation of the Heintze-Karcher theorem and specializes to the classical
statement in smooth context. The class of essentially nonbranching CD spaces includes for instance
finite dimensional RCD spaces, weighted Finsler manifolds with lower bounds for their N -Ricci
tensor and finite dimensional Alexandrov spaces.
We can assume an upper bound H0 ∈ R for the mean curvature and obtain the following
Corollary.
Corollary 1.3. If H |S ≤ H0, it follows
m(X) ≤ mS(S)
∫
R
JH0,K,N (r)dr.
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In particlar, if H ≡ 0 then
m(X) ≤ diamX mS(S).
Let πκ be the diameter of a simply connected space form S
2
k of constant curvature κ, i.e.
πκ =
{
∞ if κ ≤ 0
π√
κ
if κ > 0
In the case of K > 0 the generalized Heintze-Karcher estimate also takes the following form.
Corollary 1.4. Let (X, d,m) be a metric measure space and S as in the previous theorem. Assume
K > 0.
Then
m(X) ≤
∫ πK/(N−1)
0
sinN−1
(√
K
N−1 r
)
dr
∫ (
K
N − 1 +
(
H(p)
N − 1
)2)N−12
dmS(p)
If n ∈ N, we obtain
m(X) ≤
vol(SnK/(n−1))
vol(Sn−11 )
∫ (
K
N − 1 +
(
H(p)
N − 1
)2)N−12
dmS(p).
Remark 1.5. The second estimate in the previous corollary also appears in the work of Heintze-
Karcher [HK78, 2.2 Theorem].
Recall that the class of CD spaces can be enforced naturally to the class of RCD spaces
(Definition 2.6) by requiring that the space of Sobolev functions is a Hilbert space. For positive
K and in the context of RCD(K,N) spaces with N ∈ [1,∞) the following theorem characterizes
the equality case in (2) and Corollary 1.4.
Theorem 1.6. Let (X, d,m) be a metric measure space that satisfies the condition RCD(K,N)
for K > 0 and N ∈ [1,∞) and let S be as before.
Equality in (2) of Theorem 1.1 or in Corollary 1.4 holds if and only if there exists an RCD(N−
2, N − 1) space (Y, dY ,mY ) such that X is a spherical suspension over Y :
X = IK,N ×N−1sin(√ KN−1 ·) Y
where IK,N =
([
0, πK/(N−1)
]
, 1[0,πK/(N−1)] sin
N−1
K/(N−1) L1
)
and S is a constant mean curvature
surface in X. More precisely, S is a sphere centered at one of the poles of X.
Here, we use the warped product notation for spherical suspensions (compare with the exposition
in Subsection 2.2)
Remark 1.7. The proof of Theorem 1.1 more generally shows that equality in the Heintze-Karcher
estimate for CD(K,N) spaces, K ∈ R and N ∈ [1,∞), holds if and only if I(X,d,m) = IK,N,D
(where IK,N,D is the isoperimetric comparison profile [CM16] for CD(K,N) spaces with diameter
bounded by D), and Ω is an isoperimetric region in X .
The rest of this note is organized as follows.
In section 2 we briefly recall some facts about optimal transport and the Wasserstein space of
a metric measure space, the curvature-dimension condition for essentially non-branching metric
measure spaces, warped products, the Cavalletti-Mondino isoperimetric comparison and a general
disintegration theorem for measure spaces.
In section 3 we explain in more detail the 1D-localisation technique by Cavalletti-Mondino and
how it applies in the context of essentially non-branching metric measure spaces.
In section 4 we prove a simple comparison result in 1D that follows from Sturm’s comparison
theorem.
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In section 5 we introduce the signed distance function for a set S that arises as boundary of
a Borel set in a metric measure space. We describe briefly how the localisation technique applies
for this functions. This structure allows us to define the mean curvature of S and the generalized
surface measure. We also show that these notions coincide with the classical ones in the context
of weighted Riemannian manifolds.
In section 6 we prove the main theorems of this note.
1.1. Acknowledgments. The author want to thank Robert McCann, Vitali Kapovitch and Robert
Haslhofer for valuable discussions about topics related to this work. Moreover, the author is grate-
ful to Robert McCann for reading carefully an early version of this article and to Samuel Borza
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2. Preliminaries
2.1. Curvature-dimension condition. In this subsection we recall some facts about optimal
transport, the geometry of Wasserstein space and synthetic Ricci curvature bounds for metric
measure spaces. For more details we refer to [Vil09]. We also assume familarity with calculus on
length metric spaces. For details we refer to [BBI01].
Let (X, d) be a metric space. A rectifiable constant speed curve γ : [a, b] → X is a geodesic if
L(γ) = d(γ(a), γ(b)) where L is the induced length functional. We say (X, d) is a geodesic metric
space if for any pair x, y ∈ X there exists a geodesic between x and y. The set of all constant
speed geodesics γ : [0, 1]→ X is denoted with G[0,1](X) =: G(X) and equipped with the topology
of uniform convergence. For t ∈ [0, 1] et : γ ∈ G(X) 7→ γ(t) denotes the evaluation map.
A set F ⊂ G(X) is said to be non-branching if and only if for any two geodesics γ1, γ2 ∈ G(X)
the following holds.
If γ1|[0,ǫ) ≡ γ2|[0,ǫ) for some ǫ > 0 then γ1 ≡ γ2.
The set of Borel probability measures µ on (X, d) such that
∫
X
d(x0, x)
2dµ(x) < ∞ for some
x0 ∈ X is denoted P2(X). For any pair µ0, µ1 ∈ P2(X) we denote with W2(µ0, µ1) the L2-
Wasserstein distance that is finite on P2(X) and defined by
W2(µ1, µ2)
2 := inf
π∈Cpl(µ1,µ2)
∫
X2
d2(x, y)dπ(x, y),(3)
where Cpl(µ1, µ2) is the set of all couplings between µ1 and µ2, i.e. of all the probability measures
π ∈ P(X1×X2) with Xi = X , i = 1, 2, such that (Pi)♯π = µi, i = 1, 2, P1, P2 being the projection
maps. (P2(X),W2) becomes a separable metric space that is a geodesic metric space provided X is
a separable geodesic metric space. A coupling π ∈ Cpl(µ1, µ2) is optimal if it is a minimizer for (3).
Optimal couplings always exist. We call the metric space (P2(X),W2) the L2-Wasserstein space
of (X, d). The subspace of probability measures with bounded support is denoted with P2b (X).
Definition 2.1. A metric measure space is a triple (X, d,m) =: X where (X, d) is a complete and
separable metric space and m is a locally finite Borel measure.
The space of m-absolutely continuous probability measures in P2(X) is denoted by P2(X,m).
Similar we define P2b (X,m).
Any geodesic (µt)t∈[0,1] in (P2(X,m),W2) can be lifted to a measure Π ∈ P(G(X)) such that
(et)#Π = µt. We call such a measure Π a dynamical optimal plan.
A metric measure space (X, d,m) is said to be essentially non-branching if for any two mea-
sures µ0, µ1 ∈ P2(X,m) any dynamical optimal plan Π is concentrated on a set of non-branching
geodesics.
Example 2.2. Given a Riemannian manifold (M, g) and a measure m = Ψvolg for Ψ ∈ C∞(M) we
call the triple (M, g,m) a weighted Riemannian manifold.
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Definition 2.3. For κ ∈ R we define cosκ : [0,∞)→ R as the solution of
v′′ + κv = 0 v(0) = 1 & v′(0) = 0.
sinκ is defined as solution of the same ODE with initial value v(0) = 0 & v
′(0) = 1. That is
cosκ(x) =


cosh(
√
|κ|x) if κ < 0
1 if κ = 0
cos(
√
κx) if κ > 0
sinκ(x) =


sinh(
√
|κ|x)√
|κ| if κ < 0
x if κ = 0
sin(
√
κx)√
κ
if κ > 0
For K ∈ R, N ∈ (0,∞) and θ ≥ 0 we define the distortion coefficient as
t ∈ [0, 1] 7→ σ(t)K,N (θ) =
{
sinK/N (tθ)
sinK/N (θ)
if θ ∈ [0, πK/N ),
∞ otherwise.
Note that σ
(t)
K,N (0) = t. Moreover, for K ∈ R, N ∈ [1,∞) and θ ≥ 0 the modified distortion
coefficient is defined as
t ∈ [0, 1] 7→ τ (t)K,N (θ) =


θ · ∞ if K > 0 and N = 1,
t
1
N
[
σ
(t)
K,N−1(θ)
]1− 1N
otherwise.
Our convention is that 0 · ∞ = 0.
Definition 2.4 ([Stu06b, LV09, BS10]). An essentially non-branching metric measure space (X, d,m)
satisfies the curvature-dimension condition CD(K,N) for K ∈ R and N ∈ [1,∞) if for every
µ0, µ1 ∈ P2b (X,m) there exists a dynamical optimal coupling Π between µ0 and µ1 such that
ρt(γt)
− 1N ≥ τ (1−t)K,N (d(γ0, γ1))ρ0(γ0)−
1
N + τ
(t)
K,N (d(γ0, γ1))ρ1(γ1)
− 1N
for Π-a.e. γ ∈ G(X) and for all t ∈ [0, 1] where (et)#π = ρtm.
We say (X, d,m) satisfies the reduced curvature-dimension condition CD∗(K,N) for K ∈ R and
N ∈ (0,∞) if we replace in the previous definition the modified distortion coefficients τ (t)K,N (θ) by
the distortion coefficients σ
(t)
K,N (θ).
Example 2.5. The metric measure space (M,dg,Ψvolg) that is associated to a weighted Riemannian
manifold (M, g,Ψvolg) for Ψ ∈ C∞(M) satisfies the condition CD(K,N), K ∈ R, N ∈ [1,∞), if
and only if M\∂M is geodesically convex and the Bakry-Emery N -Ricci tensor is bounded from
below by K on M\∂M .
Definition 2.6 ([AGS14, Gig15, EKS15, CM16]). The Riemannian curvature-dimension condition
RCD(K,N) for K ∈ R and N ∈ [1,∞) is defined as the combination of the condition CD(K,N)
together with the property that the associated Sobolev space W 1,2(X) is a Hilbert space.
For a brief overview of the historical development of the previous definition we also refer to the
preliminaries of [KK17].
2.2. Warped products. For K > 0 and N ≥ 1 the 1-dimensional model space is
IK,N =
([
0, πK/(N−1)
]
, 1[0,πK/(N−1)] sin
N−1
K/(N−1) L1
)
where [0,πK/(N−1)] is equipped with the restriction of the standard metric | · | on R. The metric
measure space IK,N satisfies CD(K,N) [Stu06b, Example 1.8].
Let (M, g,m) =M be a weighted Riemannian manifold with m = Φvolg and Φ ∈ C∞(M\∂M).
The warped product IK,N ×N−1f M between IK,N andM w.r.t. f : IK,N → [0,∞) is defined as the
metric completion of the weighted Riemannian manifold (IK,N ×M,h,mC) where h = 〈·, ·〉2+ f2g
and mC = f
N−1L1|IK,N ⊗m. In [Ket13] it was proved that if the warping function f satisfies
f ′′ +
K
N − 1f ≤ 0 and (f
′)2 +
K
N − 1f
2 ≤ L on IK,N
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and (M,dg,m) satisfies CD(L(N−2), N−1) then IK,N×N−1f M satisfies CD(K,N). This applies in
particular when f = sinK/(N−1) and L = 1. Then the corresponding warped product is a spherical
suspension. For instance, we can choose M = IN−2,N−1. If n ∈ N we can choose M = Sn−11 and
we get that IK,n ×n−1sinK/(n−1) S
n−1
1 = S
n
K/(n−1).
More generally one can define warped products in the context of metric measure spaces. In
[Ket15] it was proved that
IK,N−1 ×N−1sin K
N−1
Y
satisfies the condition RCD(K,N) if and only if Y = (Y, dY ,mY ) satisfies the condition RCD(N−
2, N − 1).
2.3. Isoperimetric profile. Let (X, d,m) be a metric measure space such that m is finite, and
let A ⊂ X . Denote Aǫ = Bǫ(A) the ǫ-tubular neigborhood of A. We also set A+ǫ = Aǫ\A.
The (outer) Minkowski content m+(A) of A is defined by
m+(A) = lim sup
ǫ→0
m(A+ǫ )
ǫ
.
The isoperimetric profile function I(X,d,m) : [0,m(X)]→ [0,∞) is defined as
I(X,d,m)(v) := inf
{
m+(A) : A ⊂ X Borel ,m(A) = v} .
Let K > 0. The model isoperimetric profile for spaces with Ricci curvature bigger than K and
dimension bounded above by N ≥ 1 is given by
IK,N,∞(v) := IIK,N−1(v), ∀v ∈ [0, 1],
where IK,N is again the 1-dimensional model space that was introduced in the previous section.
The following theorem is one of the main results in [CM17] and generalizes the Levy-Gromov
isoperimetric inequality for Riemannina manifolds.
Theorem 2.7. Let (X, d,m) be an essentially non-branching CD(K,N) space for K > 0 and
N ≥ 1 with m(X) = 1.
Then for every Borel set E ⊂ X it holds that
m+(E) ≥ IK,N,∞(m(E)).(4)
If (X, d,m) satisfies the condition RCD(K,N) and there exists A ⊂ X such that m(A) = v ∈
(0, 1) and one has equality in (4) then
X = IK,N ×N−1sinK/(N−1) Y
for some RCD(N − 2, N − 1) space (Y, dY ,mY ) with mY .
Moreover
A¯ =
{
(t, y) ∈ IK,N−1 ×N−1sinK/(N−1) Y : t ∈ [0, rv]
}
or A¯ =
{
(t, y) ∈ IK,N−1 ×N−1sinK/(N−1) Y : t ∈ [πK/(N−1) − rv, πK/(N−1)]
}
where rv ∈ IK,N−1 is chosen such that 1cN
∫ rv
0
sinN−1K/(N−1)(r)dr = v with cN =
∫
IK,N−1
sinN−1K/(N−1)(r)dr,
and A¯ is the closure of A.
2.4. Disintegration of measures. For further details about the content of this section we refer
to [Fre06, Section 452].
Let (R,R) be a measurable space, and let Q : R → Q be a map for a set Q. One can equip
Q with the σ-algebra Q that is induced by Q where B ∈ Q if Q−1(B) ∈ R. Given a probability
measure m on (R,R), one can define a probability measure q on Q via the pushforward Q#m =: q.
Definition 2.8. A disintegration of m that is consistent with Q is a map (B, q) ∈ R × Q 7→
mα(B) ∈ [0, 1] such that the following holds
• mα is a probability measure on (R,R) for every α ∈ Q.
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• α 7→ mα(B) is q-measurable for every B ∈ R,
and for all B ∈ R and C ∈ Q the consistency condition
m(B ∩Q−1(C)) =
∫
C
mα(B)q(dα)
holds. We use the notation {mα}α∈Q for such a disintegration. We call the measures mα conditional
probability measures.
A disintegration {mα}α∈Q is called strongly consistent with respect {Q−1(α)}α∈Q if for q-a.e.
α we have mα(Q
−1(α)) = 1.
Theorem 2.9. Assume that (R,R,m) is a countably generated probabilty space and R = ⋃α∈QRα
is a partition of R. Let Q : R→ Q be the quotient map associated to this partition, that is α = Q(x)
if and only if x ∈ Rα and assume the corresponding quotient space (Q,Q) is a Polish space.
Then, there exists a strongly consistent disintegration {mα}α∈Q of m w.r.t. Q : R → Q that is
unique in the following sense: if {m′α}α∈Q is another consistent disintegration of m w.r.t. Q then
mα = m
′
α for q-a.e. α ∈ Q.
3. 1-localisation of generalized Ricci curvature bounds.
In this section we will briefly recall the localisation technique introduced by Cavalletti and Mondino.
The presentation follows Section 3 and 4 in [CM17]. We assume familarity with basic concepts in
optimal transport (for instance [Vil09]).
Let (X, d,m) be a locally compact metric measure space that is essentially nonbranching. We
assume that suppm = X .
Let u : X → R be a 1-Lipschitz function. Then
Γu := {(x, y) ∈ X ×X : u(x)− u(y) = d(x, y)}
is a d-cyclically monotone set, and one defines Γ−1u = {(x, y) ∈ X ×X : (y, x) ∈ Γu}. The union
Γ ∪ Γ−1 defines a relation Ru on X ×X , and Ru induces a transport set
Tu := P1(Ru\{(x, y) : x = y ∈ X}) ⊂ X
where P1(x, y) = x. For x ∈ Tu one defines Γu(x) := {y ∈ X : (x, y) ∈ Γu}, and similar Γ−1u (x)
and Ru(x). Since u is 1-Lipschitz, Γu,Γ
−1
u and Ru are closed as well as Γu(x),Γ
−1
u (x) and Ru(x).
The forward and backward branching points are defined respectively as
A+ := {x ∈ Tu : ∃z, w ∈ Γu(x) & (z, w) /∈ Ru}
A− := {x ∈ Tu : ∃z, w ∈ Γ−1u (x) & (z, w) /∈ Ru}.
Then one can consider the nonbranched transport set T bu := Tu\(A+ ∪A−) and the nonbrached
transport relation
Rbu := Ru ∩ (T bu × T bu ).
Tu and A+/− are σ-compact, and T bu and Rbu are Borel sets. In [Cav14] Cavalletti shows that Rbu
is an equivalence relation on T bu . Hence, from Rbu one obtains a partition of T bu into a disjoint
family of equivalence classes {Xα}α∈Q. Moreover, every Xα is isometric to Iα ⊂ R via an isometry
γα : Iα → Xα. γα : Iα → X extends to a geodesic that is arclength parametrized and that we also
denote γα defined on the closure Iα of Iα. We set Iα = [a(Xα), b(Xα)].
The index set Q can be written as
Q =
⋃
n∈N
Qn where Qn = u
−1(ln) and ln ∈ Q
and Qi ∩Qj for i 6= j, and Q is equipped with the induced measurable structure [CM17, Lemma
3.9]. Then, the quotient map Q : T bu → Q is measurable, and we set q := Q#m.
8 CHRISTIAN KETTERER
Theorem 3.1. Let (X, d,m) be a compact geodesic metric measure space with suppm = X and
m finite. Let u : X → R be a 1-Lipschitz function, let (Xα)α∈Q be the induced partition of T bu via
Rbu, and let Q : T bu → Q be the induced quotient map as above.
Then, there exists a unique strongly consistent disintegration {mα}α∈Q of m |T bu w.r.t. Q.
Now, we assume that (X, d,m) is an essentially non-branching CD(K,N) space for K ∈ R and
N ≥ 1. The following lemma is Theorem 3.4 in [CM17].
Lemma 3.2. Let (X, d,m) be an essentially non-branching CD(K,N) space for K ∈ R and
N ∈ (1,∞) with suppm = X and m(X) <∞.
Then, for any 1-Lipschitz function u : X → R, it holds m(Tu\T bu ) = 0.
For α ∈ Q we denote Rbu(α) = Q−1(α) = Xα ⊂ T bu .
For q-a.e. α ∈ Q it was proved in [CM16] (Theorem 7.10) that
Ru(x) = Rbu(α) ⊃ Rbu(α) ⊃ (Ru(x))◦ ∀x ∈ Q−1(α) ⊂ T bu .
where (Ru(x))
◦ denotes the relative interiour of the closed set Ru(x). Hence, the only points of
Ru(x) that are possibly not contained in T bu are the endpoints of Xα ≡ [a(Xα), b(Xα)] where
Q(x) = α.
Theorem 3.3. Let (X, d,m) be an essentially non-branching CD(K,N) space with suppm = X,
m(X) <∞, K ∈ R and N ∈ (1,∞).
Then, for any 1-Lipschitz function u : X → R there exists a disintegration {mα}α∈Q of m that
is strongly consistent with Rbu.
Moreover, for q-a.e. α ∈ Q, mα is a Radon measure with mα = hαH1|Xα and (Xα, d,mα)
verifies the condition CD(K,N).
More precisely, for q-a.e. q ∈ Q it holds that
hα(γt)
1
N−1 ≥ σ(1−t)K/N−1(|γ˙|)hα(γ0)
1
N−1 + σ
(t)
K/N−1(|γ˙|)hα(γ1)
1
N−1(5)
for every geodesic γ : [0, 1]→ (a(Xα), b(Xα)).
Remark 3.4. The property (5) yields that hα is locally Lipschitz continuous on (a(Xα), b(Xβ))
[CM17, Section 4], and that hα : R→ (0,∞) satifies
d2
dr2
h
1
N−1
α +
K
N − 1h
1
N−1
α ≤ 0 on (a(Xα), b(Xα))
in the distributional sense.
Remark 3.5. We set once and for all
lim inf
r↓a(Xα)/r↑b(Xα)
h
1
N−1
α (r) =: h
1
N−1
α (a(Xα)/b(Xα)) ≥ 0
and by abuse of notation we identify hα : Xα → R with a function hα : R → R via (hα ◦ γα(r)) ·
1[a(Xα),b(Xα)] = hα(r).
In this way we consider hα as function that is defined everywhere on R, and (5) holds for every
geodesic γ : [0, 1] → [a(Xα), b(Xα)]. In particular, hα is locally semi-concave on [a(Xα), b(Xα)],
and hence twice differentiable L1-almost everywhere in (a(Xα), b(Xα)).
One can also consider h′α : Xα → R defined via h′α(γα(r)) = h′α(r).
4. 1-dimensional comparison results
Let u : [0, θ]→ (0,∞) be lower semi continuous and continuous on (0, θ) such that
u′′ + ku ≤ 0 on (0, θ).
in the distributional sense. More precisely∫
uφ′′dr + k
∫
uφdr ≤ 0, ∀φ ∈ C∞0 ((0, θ)).
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Then
u ◦ γ(t) ≥ σ(1−t)κ (|γ˙|)u ◦ γ(0) + σ(t)κ (|γ˙|)u ◦ γ(1)(6)
for any constant speed geodesic γ : [0, 1]→ [0, θ] [EKS15, Lemma 2.8].
On the other hand, if we assume that u : [0, θ]→ [0,∞) satisfies (6), then u is semi-concave and
therefore locally Lipschitz on (0, θ) . In this case the limits
d+
dr
u(r) = lim
h↓0
u(r + h)− u(r)
h
∈ R ∪ {∞}, d
−
dr
u(r) = lim
h↓0
u(r − h)− u(r)
−h ∈ R ∪ {−∞}.
exist for every r ∈ [0, θ] and are in R for r ∈ (0, θ). If d+dr u(0) <∞ then u is continuous in 0. The
converse is not true in general as one can see from r ∈ [0, 1]→ √r. Moreover, d+/−dr u is continuous
from the right/left on (0, θ), and
d+
dr
u(r) ≤ d
−
dr
u(r)(7)
with equality if and only if u is differentiable in r ∈ (0, θ).
In particular u is locally semi-concave, and u is twice differentiable L1-almost everywhere. If
the second derivative of u exists in r ∈ (0, θ), then
(log u)′′(r) + ((log u)′(r))2 + κ ≤ 0.
Moreover, d
−/+
dr log u =
[
d+/−
dr u
]
/u.
Lemma 4.1. Let u : [0, θ] → (0,∞) be as above. Let r0 ∈ (0, θ) and define u(r0) = a and
d+
dr (r0) = b. Then
u(r) ≤ a cosκ(r − r0) + b sinκ(r − r0) on (r0, θ).
In particular, the right hand side is positive on (r0, θ).
Proof. Consider φ ∈ C∞0 ((−1, 1)) with
∫ 1
−1 φ(t)dt = 1 and φǫ(t) =
1
ǫφ(
t
ǫ ). We set
u˜(s) = u ⋆ φǫ(s) =
∫ ǫ
−ǫ
φǫ(−r)u(s − r)dr =
∫ s+ǫ
s−ǫ
φǫ(t− s)u(t)dr
for s ∈ (ǫ, θ − ǫ). We choose ǫ > 0 small enough such that r0 ∈ (ǫ, θ − ǫ). Then
u˜′′(s) = (u ⋆ φǫ)′′(s) =
∫ θ
0
φ′′ǫ (t− s)u(t)dt ≤ −k
∫ ǫ
−ǫ
φǫ(−r)u(r − s)dr ≤ −ku˜(s).
Hence, by classical Sturm comparison [dC92] we obtain
u˜(r) ≤ u˜(r0) cosκ(r − r0) + u˜′(r0) sinκ(r − r0) on (r0, θ − ǫ).
Now, one can check that u˜(r) = φǫ ⋆ u(r)→ u(r) on (ǫ0, θ − ǫ0) if ǫ ∈ (0, ǫ0) and ǫ→ 0, and also
u˜′(r0) =
d+
dr
u(r0) =
∫ 0
−ǫ
φ(−r)d
+
ds
[u(s− r)]s=r0dr = φǫ ⋆
d+
dr
u(r0)→ d
+
dr
u(r0) = b.
Hence, we obtain that
u(r) ≤ u(r0) cosκ(r − r0) + b sinκ(r − r0) for r ∈ (r0, θ − ǫ0).
Finally, since we can choose ǫ0 > 0 arbitrarily small, we obtain the result. 
Corollary 4.2. Let u be as above. Then
u(r) ≤ u(0) cosκ r + d
+
dr
u(0) sinκ r, r ∈ (0, θ).
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Proof. Pick a sequence (rn)n∈N such that rn ↓ 0. Then d+dr u(rn)→ d
+
dr u(0) ∈ R ∪ {∞}. From the
previous lemma we have that
u(r) ≤ u(rn) cosk(r − rn) + u′(rn) sink(r − rn) for r ∈ (rn, θ)
Now, we pick r ∈ (0, θ) and n0 ∈ N such that r ∈ (rn, θ) for all n ≥ n0. Letting rn → 0 by
continuity we obtain the statement. 
Definition 4.3. Let K ∈ R, H ∈ [−∞,∞] and N ≥ 1. The Jacobian function is defined as
t ∈ R 7→ JH,K,N (t) =


(
cosK/N−1(t) + HN−1 sinK/(N−1)
)N−1
+
if H > −∞,
0 if H = −∞.
If H ∈ R, JH,K,N coincides with the maximal solution of the differential equation
(log J)′′ +
1
N − 1(J
′)2 +K = 0, J(0) = 1, J ′(1) =
H
N − 1 .
JH,K,N is pointwise monotone non-decreasing in H and K, and monotone non-increasing in N .
Corollary 4.4. Let h : (0, θ)→ (0,∞) such that
d2
dr2
h
1
N−1 ≤ − K
N − 1h
1
N−1 on (0, θ),
Then
h(r)h(0)−1 ≤ JK,H,N (r) for r ∈ (0, θ)
where
H = (N − 1)
d+
dr
[
h
1
N−1
]
(0)
h
1
N−1 (0)
=
d+
dr
log h(0).
5. Mean curvature in the context of CD(K,N) spaces.
Let (X, d,m) be a metric measure space as in Theorem 3.3.
Let Ω ⊂ X be a closed subset, and let S = ∂Ω such that m(S) = 0. The distance function
dΩ : X → R is given by
inf
y∈Ω¯
d(x, y) =: dΩ(x).
Let us also define d∗Ω := dΩc . The signed distance function dS for S is given by
dS = dΩ − d∗Ω : X → R.
It follows that dS(x) = 0 if and only if x ∈ S, dS ≤ 0 if x ∈ Ω and dS ≥ 0 if x ∈ Ωc. It is clear
that dS |Ω = −d∗Ω and dS |Ωc = dΩ. Setting v = dS we can also write
dS(x) = sign(v(x))d({v = 0}, x), ∀x ∈ X.
Lemma 5.1. dS is 1-Lipschitz.
Proof. Indeed, assume first that x, y ∈ Ω, then
dS(x)− dS(y) = −d∗Ω(x) + d∗Ω(y) ≤ d(x, y)
by the triangle inequality. The same inequality holds if we switch the roles of x and y, and also if
x, y ∈ Ωc.
If x ∈ Ω and y ∈ Ωc, there exists a geodesic γ : [0, 1] → X with γ(0) = x and γ(y), and hence
t0 ∈ [0, 1) such that dS(γ(t0)) = 0. Then, it follows that
dS(x)− dS(y) ≤ d(x, γ(t0)) + d(γ(t0), y) = d(x, y).
Again we can switch the role of x and y, and obtain the claim. 
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Let TdS be the transport set of dS . We have TdS ⊃ X\{v = 0}. In particular, we have
m(X\T bdS) = 0 by Lemma 3.2.
Therefore, the 1-Lipschitz function dS induces a partition {Xα}α∈Q of X up to a set of measure
zero for a measurable space Q, and a disintegration {mα}α∈Q that is strongly consistent with the
partition. The subset Xα, α ∈ Q, is the image of a geodesic γα : [a(Xα), b(Xα)] → X . One has
the representation
m(B) =
∫
Q
mα(B)dq(α) =
∫
Q
∫
γ−1α (B)
hα(r)drdq(α) ∀B ∈ B.
For any transport ray Xα it holds that
dS(b(Xα)) ≥ 0, dS(a(Xα)) ≤ 0.
We will therefore assume that b(Xα) ≥ 0, a(Xα) ≤ 0, and we have γα(r) ∈ S if and only if r = 0.
Remark 5.2. We note that for p ∈ S ∩ T bdS there exists a unique α ∈ Q such that γα(0) = p.
Definition 5.3. Note that α ∈ Q 7→ hα(0) ∈ R and α ∈ Q 7→ γα(0) ∈ X are measurable (see
[CM16, Proposition 10.4]).
We define the surface measure mS via∫
S
φ(x)dmS(x) :=
∫
Q
φ(γα(0))hα(0)dq(α)
for any continuous function φ : X → R.
Remark 5.4. We note that the measure mS is by definition concentrated on the set of points p ∈ S
such that there exists α ∈ Q with γα(0) = p.
Remark 5.5. Let us adress briefly the smooth case.
Let (M, g,Ψvolg) be compact weighted Riemannian manifold. Let S ⊂ M (with S = ∂Ω for
Ω ∈ B(M)). Assume that S is an (n− 1)-dimensional compact C2-submanifold. Then, the signed
distance function dS is smooth on a neighborhood U of S and ∇dS is the smooth unit normal
vectorfield along S. More precisely, ∇dS(x) ⊥ TxS and |∇dS(x)| = 1 for all x ∈ S. We denote
volS the induced volume for S.
Recall that for every x ∈ S there exist ax < 0 and bx > 0 such that γx(r) = expx(r∇dS(x)) is
a minimal geodesic on (ax, bx) ⊂ R, and we define
U = {(x, r) ∈ S × R : r ∈ (αx, ωx)} ⊂ S × R
and the map T : U → M via T (x, r) = γx(r). It is well-known that T is a diffeomorphism on U ,
that volg(M\T (U)) = 0 and that integrals can be computed effectively by the following formula:∫
gdm =
∫
U
g ◦ T (x, r) detDT(x,r)Ψ ◦ T (x, r)d volS(x) ⊗ dr
=
∫
S
∫ bx
ax
g ◦ T (x, r) detDT(x,r)|TxSΨ ◦ T (x, r)drd volS(x).(8)
On the other hand, we can define a map Q : T (U) → S via Q = Pr ◦ T−1 where Pr : U → S
is the projection map. Then Q−1(x) = γx : (ax, bx) → M , x ∈ S, are precisely the non-branched
transport geodesics w.r.t. dS , Q
−1(S) = T bdS and (ax, bx) = (a(Xx), b(Xx)). Moreover, we see that
q = Q#m =
[∫ bx
ax
detDT(x,r)Ψ ◦ T (x, r)dr
]
︸ ︷︷ ︸
=:f(x)
volS(dx).
12 CHRISTIAN KETTERER
Hence, in this case we can identify S with Q, and the quotient measure q on S with q =
f(x) volS(dx). The integration formula (8) becomes∫
gdm =
∫
S
1
f(x)
∫ bx
ax
g ◦ T (x, r) detDT(x,r)|TxSΨ ◦ T (x, r)drdq(x).(9)
By the uniqueness statement in the disintegration theorem and by (9) we therefore have that
hx(r) =
1
f(x) detDT(x,r)|T(x,r)Ψ ◦ T (x, r)S and hx(0) = 1f(x)Ψ(x).
It follows that for a measurable set B ⊂M that∫
S∩B
Ψd volS = lim
t→0
∫
Q(B)
1
t
∫ t
0
hα(r)drdq(α) = mS(B).
Hence, the measure mS coincides with Ψd volS in this case.
Let us recall another result of Cavalletti-Mondino.
Theorem 5.6 ([CM18]). Let (X, d,m) be an CD(K,N) space, and Ω and S = ∂Ω as above.
Then dS ∈ D(∆, X\S), and one element of ∆dS|X\S that we denote with ∆dS |X\S is the Radon
functional on X\S given by the representation formula
∆dS |X\S = −(log hα)′m |X\S −
∫
Q
(hαδa(Xα)∩{dS>0} − hαδb(Xα)∩{dS<0})dq(α).
We note that the radon functional ∆dS |X\S can be represented as the difference of two measures
[∆dS ]
+ and [∆dS |X\S ]− such that
[∆dS |X\S ]+reg − [∆dS |X\S ]−reg = −(log hα)′ m−a.e.
where [∆dS |X\S ]±reg denotes the m-absolutely continuous part in the Lebesgue decomposition of
[∆dS |X\S ]±. In particular, −(log hα)′ coincides with a measurable function m-a.e. .
Remark 5.7. The theorem implies the Laplace comparison for the distance function in CD(K,N)
spaces: If Ω = {p}, dS = dp and K = 0, we obtain
∆dp|X\{p} ≤
N
dp
in the sense of distributions for ∆dp|X\{p} given by the previous theorem.
Remark 5.8. If (X, d,m) is an RCD(K,N) space and Ω ⊂ X open then for any f ∈ D(∆,Ω) the
set ∆Ωf has exactly one element.
Remark 5.9. In the light of the previous section and since h
1
N−1
α is semiconcave on (a(Xα), b(Xβ)),
−(log hα)′ coincides m-a.e. with the function d+/−dr hα : X → R that is defined via
p ∈ X 7→ d
+/−
dr
hα(γα(r)) if p = γα(r) for r ∈ (a(Xα), b(Xα)).
Hence, this functions, d
+
dr hα and
d−
dr hα, are measurable functions on X and everywhere defined on
T bdS .
Definition 5.10. Set S = ∂Ω, let {Xq}q∈Q be the induced disintegration and let p ∈ S ∩TdS . We
define the outer mean curvature of S in p as
H+(p) =


d+
dr log hα(γα(0)) if p = γα(0) & 0 ∈ (a(Xα), b(Xα)),
∞ if p = γα(a(Xα)),
−∞ otherwise.
If we switch the roles of Ω and Ωc, then we call the corresponding outer mean curvature the
inner mean curvature and we write H−.
The mean curvature of S in p ∈ S ∩ TdS is then defined as max{H+(p),−H−(p)} =: H(p).
H,H+ and H− are measurable functions on S ∩ TdS .
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Remark 5.11. Let us again go back to the smooth situation of Remark 5.5.
In this case r 7→ hα(r) = detDT(α,r)|T(α,r)S , α ∈ S, is smooth on the maximal open interval
(a(Xα), b(Xα)) where γα is a geodesic. Moreover, T : U → M is a smooth map. Hence, we can
perform the following computation:
d
dr
∣∣∣
0
log hα(r) = tr
T(α,r)S
d
dr
∣∣∣
0
DT(α,r)|T(α,r)S
= −DivT(α,r)S∇dS(α) = −〈H(α),∇dS(α)〉 = −H(α), α ∈ S,
where H = H∇dS denotes the mean curvature vector along S. We conclude that in this case our
notion of mean curvature coincides with the classical one.
6. Proof of the main theorems
Proof of Theorem 1.1. Let Ω ⊂ X be closed subset, S = ∂Ω and dS as before. Consider
S+t = Bt(Ω)\Ω & S−t = Bt(Ω)\Ωc,
where Bt(Ω) = {x ∈ X : ∃y ∈ Ω s.t. x ∈ Bt(y)}. One has (Xα, d) ≡ [a(Xα), b(Xα)] via γα. One
can check that
S+t ∩Xα ≡ [0, b(Xα) ∧ t], S−t ∩Xα ≡ [a(Xα) ∧ t, 0], ∀t ∈ (0,∞).
First, we just assume that H+ < ∞. Either we have hα(0) > 0 or hα(0) = 0. In the later case,
since H <∞, it follows that 0 = b(Xα) and therefore H(γα(0)) = −∞. Hence JH+(γα(0)),K,N (r) =
J−∞,K,N (r) = 0 by definition of the Jacobian (Definition 4.3). Theorem 3.3 (1D-localisation)
together with Corollary 4.4 yields
m(S+t ) =
∫
Q
∫
S+t ∩Xα
hα(r)drdq(α)
≤
∫
Q
∫ t
0
JH+(γα(0)),K,N(r)drhα(0)dq(α)
≤
∫
S
∫ ∞
0
JH+(p),K,N (r)drdmS(p).
This is the first claim in Theorem 1.1.
Now, we assume additionally that H > −∞. By switching the roles of Ω and Ωc we obtain
similarly
m(S−t ) ≤
∫
S
∫ t
0
JH−(p),K,N (r)drdmS(p)
≤
∫
S
∫ ∞
0
JH−(p),K,N(r)drdmS(p)
≤
∫
S
∫ 0
−∞
J−H−(p),K,N (r)drdmS(p) ≤
∫
S
∫ 0
−∞
JH(p),K,N (r)drdmS(p)
Note that by the symmetries of sinK/(N−1) and cosK/(N−1) we have that J−H,K,N (r) = JH,K,N (−r).
Hence
m(X) = m(S−D) + m(S
+
D)
≤
∫
S
∫ D
−D
JH(p),K,N (r)drdmS(p) ≤
∫
S
∫
R
JH(p),K,N (r)drdmS(p).
This proves Theorem 1.1. 
Proof of Corollary 1.4. Let K > 0. Consider
r ∈ I 7→ f(r) = cosK/(N−1)(r) +
H
N − 1 sinK/(N−1)(r)
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where I is the connected component of {f(r) > 0} that contains 0 ∈ R. f solves f ′′ + KN−1f = 0
on I and a straighforward computation yields
(f ′)2 +
K
N − 1f
2 =
K
N − 1 +
(
H
N − 1
)2
.
We set κ := KN−1 +
(
H
N−1
)2
. We can see that up to translation f : I → [0,∞) must coincide with√
κ sinK/(N−1) : [0, πK/(N−1)]→ [0,∞). Hence∫
R
JK,H(p),N (r)dr = (
√
κ)N−1
∫ πK/(N−1)
0
sinN−1K/(N−1)(r)dr.
We can plug this back into the Heintze-Karcher inequality (2) and obtain Corollary 1.4. 
Remark 6.1. If (M, g, eΦd volg) is a weighted Riemannian manifold that satisfiesCD (κ(N − 2), N − 1))
then the (N−1)-warped product I×N−1f (M, g, eΦ volg) satisfies the condition CD(K,N) and is iso-
morphic to IK,N×N−1sinK/(N−1)
√
κM where
√
kM is the rescaled space that satisfies CD(N−2, N−1).
In particular, if N = n ∈ N we can choose for M the sphere Sn−1κ with constant curvature κ.
Then, the warped product above is the sphere SnK/(n−1) with constant curvature K/(N − 1).
More generally, we can choose the 1-dimensional model space (Iκ(N−2),N−1, | · |) which satisfies
CD(κ(N − 2), N − 1) where N ∈ (1,∞).
Proof of Theorem 1.6. Finally we adress the equality case for K > 0.
Assume K > 0 and equality in the Heintz-Karcher estimate (2), or equivalently assume equality
in Corollary 1.4.
Then, all the inequalities in the proof before become equalities. In particular, from Corollary
4.2 we obtain that
hα(r) = hα(0)JH(γα(0)),K,N (r) on [a(Xα), b(Xα)].
Plugging that back into the Heintze-Karcher inequality yields
m(Ω) ∪m(S+t ) = m(Bt(Ω)) =
∫
S
∫ t
−∞
JH(p),K,N (r)drdmS(p), ∀t > 0.
The Minkowski content computes as
m+(∂Ω) =
∫
Q
J ′H(γα(0)),K,N (0)dq(α) =
∫
Q
IK,N,∞(vα)dq(α)
where vα =
∫ 0
−∞ JH(γα(0)),K,N (r)dr = mα((a(Xα), 0)). We also observe that∫
Q
∫ 0
−∞
JH(γα(0)),K,N (r)drdq(α) =
∫
Q
vαdq(α) = m(Ω).
We set f(t) =
∫ t
0
sinN−1K/(N−1)(r)dr. f
−1 : [0, c]→ [0,∞) exists and is monotone nondecreasing where
c =
∫ πK/(N−1)
0 sinK/(N−1)(r)dr. Once can check that v ∈ [0, c] 7→ IK,N,∞(v) = f ′ ◦ f−1(v) =: h(v).
Moreover, we compute
h′(v) = cosK/(N−1) ◦f−1(v)
[
f ′ ◦ f−1(v)] = cosK/(N−1)
sinK/(N−1)
◦ f−1(v).
We see that h′ : [0, c] → [0,∞) is monotone nonincreasing, hence h is concave. It follows by
Jensen’s inequality that
m+(∂Ω) =
∫
Q
IK,N,∞(vα)dq(α) ≤ IK,N,∞
(∫
vαdq(α)
)
= IK,N,∞(m(Ω)).
Hence by the Cavalletti-Mondino-Levy-Gromov inequality there is equality and Theorem 2.7 yields
the result. 
THE HEINTZE-KARCHER INEQUALITY FOR METRIC MEASURE SPACES 15
References
[AGS14] Luigi Ambrosio, Nicola Gigli, and Giuseppe Savare´, Metric measure spaces with Riemannian Ricci cur-
vature bounded from below, Duke Math. J. 163 (2014), no. 7, 1405–1490. MR 3205729
[Bay04] Vincent Bayle, Proprie´te´s de concavite´ du profil isope´rime´trique et applications, PhD thesis, Institut
Joseph Fourier, Grenoble (2004).
[BBI01] Dmitri Burago, Yuri Burago, and Sergei Ivanov, A course in metric geometry, Graduate Studies in
Mathematics, vol. 33, American Mathematical Society, Providence, RI, 2001. MR 1835418 (2002e:53053)
[BS10] Kathrin Bacher and Karl-Theodor Sturm, Localization and tensorization properties of the curvature-
dimension condition for metric measure spaces, J. Funct. Anal. 259 (2010), no. 1, 28–56. MR 2610378
(2011i:53050)
[Cav14] Fabio Cavalletti, Monge problem in metric measure spaces with Riemannian curvature-dimension condi-
tion, Nonlinear Anal. 99 (2014), 136–151. MR 3160530
[CFM02] Luis A. Caffarelli, Mikhail Feldman, and Robert J. McCann, Constructing optimal maps for Monge’s
transport problem as a limit of strictly convex costs, J. Amer. Math. Soc. 15 (2002), no. 1, 1–26.
MR 1862796
[CM16] Fabio Cavalletti and Emanuel Milman, The Globalization Theorem for the Curvature Dimension Condi-
tion, arXiv:1612.07623, 2016.
[CM17] Fabio Cavalletti and Andrea Mondino, Sharp and rigid isoperimetric inequalities in metric-measure spaces
with lower Ricci curvature bounds, Invent. Math. 208 (2017), no. 3, 803–849. MR 3648975
[CM18] , New formulas for the laplacian of distance functions and applications, arXiv:1803.09687, 2018.
[dC92] Manfredo Perdiga˜o do Carmo, Riemannian geometry, Mathematics: Theory & Applications, Birkha¨user
Boston, Inc., Boston, MA, 1992, Translated from the second Portuguese edition by Francis Flaherty.
MR 1138207
[EKS15] Matthias Erbar, Kazumasa Kuwada, and Karl-Theodor Sturm, On the equivalence of the entropic
curvature-dimension condition and Bochner’s inequality on metric measure spaces, Invent. Math. 201
(2015), no. 3, 993–1071. MR 3385639
[Fre06] D. H. Fremlin, Measure theory. Vol. 4, Torres Fremlin, Colchester, 2006, Topological measure spaces. Part
I, II, Corrected second printing of the 2003 original. MR 2462372
[Gig15] Nicola Gigli, On the differential structure of metric measure spaces and applications, Mem. Amer. Math.
Soc. 236 (2015), no. 1113, vi+91. MR 3381131
[HK78] Ernst Heintze and Hermann Karcher, A general comparison theorem with applications to volume estimates
for submanifolds, Ann. Sci. E´cole Norm. Sup. (4) 11 (1978), no. 4, 451–470. MR 533065
[Ket13] Christian Ketterer, Ricci curvature bounds for warped products, J. Funct. Anal. 265 (2013), no. 2, 266–299.
MR 3056704
[Ket15] , Obata’s rigidity theorem for metric measure spaces, Anal. Geom. Metr. Spaces 3 (2015), 278–295.
MR 3403434
[KK17] Vitali Kapovitch and Christian Ketterer, CD meets CAT, arXiv e-prints (2017), arXiv:1712.02839.
[Kla17] Bo’az Klartag, Needle decompositions in Riemannian geometry, Mem. Amer. Math. Soc. 249 (2017),
no. 1180, v + 77. MR 3709716
[LV09] John Lott and Ce´dric Villani, Ricci curvature for metric-measure spaces via optimal transport, Ann. of
Math. (2) 169 (2009), no. 3, 903–991. MR 2480619 (2010i:53068)
[Mae78] Masao Maeda, Volume estimate of submanifolds in compact Riemannian manifolds, J. Math. Soc. Japan
30 (1978), no. 3, 533–551. MR 500722
[Mil15] Emanuel Milman, Sharp isoperimetric inequalities and model spaces for the curvature-dimension-diameter
condition, J. Eur. Math. Soc. (JEMS) 17 (2015), no. 5, 1041–1078. MR 3346688
[MN14] Fernando C. Marques and Andre´ Neves, Min-max theory and the Willmore conjecture, Ann. of Math. (2)
179 (2014), no. 2, 683–782. MR 3152944
[Mor05] Frank Morgan, Manifolds with density, Notices Amer. Math. Soc. 52 (2005), no. 8, 853–858. MR 2161354
[Per16] Raquel Perales, Volumes and limits of manifolds with Ricci curvature and mean curvature bounds, Dif-
ferential Geom. Appl. 48 (2016), 23–37. MR 3534433
[Stu06a] Karl-Theodor Sturm, On the geometry of metric measure spaces. I, Acta Math. 196 (2006), no. 1, 65–131.
MR 2237206 (2007k:53051a)
[Stu06b] , On the geometry of metric measure spaces. II, Acta Math. 196 (2006), no. 1, 133–177.
MR 2237207 (2007k:53051b)
[Vil09] Ce´dric Villani, Optimal transport, old and new, Grundlehren der Mathematischen Wissenschaften [Fun-
damental Principles of Mathematical Sciences], vol. 338, Springer-Verlag, Berlin, 2009. MR 2459454
(2010f:49001)
